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The set of the regular and radiating spherical vector wave functions (SVWF) is 
shown to be complete in L,(S) where S is a Lyapunov surface. The completeness 
fails when k’ is an eigenvalue of the Dirichlet problem for the Helmholtz equation 
(V’ + k’)F =0 in the region D, bounded by S. On the other hand, the set of 
radiating SVWF is shown to be complete for all values of k’. It is also proved that 
any vector function, which is continuous in D, +S and satisfies the Helmholtz 
equation in D,, can be approximated uniformly in D, and in the mean square sense 
on S by a sequence of linear combinations of the regular SVWF (assuming the set 
is complete). Similar results are obtained for the exterior problem with the set of 
radiating SVWF. These results are extended to the set composed of the regular and 
radiating SVWF on two nonintersecting Lyapunov surfaces, one of which encloses 
the other. ( 1986 Academic Press. Inc. 
1. INTRODUCTION 
The characteristic solutions to the scalar Helmholtz equation 
(V* +k2)u= 0 obtained by the separation of variables in suitable coor- 
dinate systems are well established [ 111. These functions are used in solv- 
ing boundary value problems by series expansions on regions D in R2 and 
R3 having boundaries S which conform with the specific coordinate system. 
Furthermore, such series which have coefficients determined from the 
boundary values converge uniformly in closed subsets of D. It is of interest 
to know what happens when the the boundary of D does not conform with 
a coordinate system. This problem was first considered for the spherical 
wave functions (SWF) by Vekua [ 161. 
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Vekua established the completeness of the sets of regular and radiating 
(outgoing) SWF on a Lyapunov surface S [15]. However, he showed that 
when k2 is an eigenvalue of the Dirichlet problem in Di (the region boun- 
ded by S), the set of regular SWF is not complete, and that completeness 
can be preserved by the addition of suitable functions. He also 
demonstrated that the solutions to the Helmholtz equation in Di which are 
continuous in D; + S can be approximated by a series of orthogonalized 
regular SWF which converge uniformly in Di. 
Hizal [7] extended Vekua’s [ 161 results to doubly connected regions 
bounded by two Lyapunov surfaces, by considering the set formed by the 
union of regular and radiating SWF on such composite surfaces. 
A more general analysis for the solutions of the scalar Helmholtz 
equation in R3 was presented by Miiller and Kersten [14]. They 
demonstrated that the sets of functions obtained by separation of variables 
in various coordinate systems are complete in L’(S) and that they may be 
used in solving Dirichlet and Neumann problems. 
Millar [9] showed the completeness of the set of outgoing cylindrical 
wave functions and the set of their normal derivatives on C, which is a 
closed smooth curve in R2. In a more recent paper [lo], he made correc- 
tions, as well as improvements in the proof for the normal derivatives. 
Colton [3,4] and Millar [lo] also established the completeness in L’(C) 
of sets of functions formed from solutions of the Helmholtz equation, each 
function being a linear combination of a solution (obtained by separation 
of variables) and its normal derivative on C. One set is constructed from 
regular Bessel functions for use in interior problems and the other set con- 
tains the Hankel function which satisfies the Sommerfeld radiation con- 
dition and is utilized in exterior problems. Millar [lo] also dealt with the 
completeness of the union of these two sets on the boundary of a doubly 
connected annular region. 
The solutions of the vector Helmholtz equation (V2 + k2)F = 0 with zero 
divergence V. F = 0 in R3, which are equivalent to 
(VxVx -k’)F=O (1) 
have been considered by Calderon [2] and Miiller [ 131. Calderon dealt 
with the completeness in L2(St,,) of the set formed from the tangential 
components of multipole fields, where L2(&) is the space of square 
integrable tangential vector functions on a surface S which may be com- 
posed of disjoint closed smooth surfaces. He showed that there exists a 
series in terms of multipole fields which uniformly approximates a radiating 
solution to (1) in the region exterior to S. 
Miiller [13] considered both the regular and radiating spherical vector 
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wave functions (SVWF) with zero divergence, i.e., the solutions to (1) in 
the spherical coordinate system. He proved that the tangential components 
of the regular SVWF form a basis in L*(S,,,) where S is a Lyapunov sur- 
face. Furthermore, similar to Calderon’s result for the exterior boundary 
value problem [2], he showed that any radiating solution to (1) in the 
region exterior to S can be approximated uniformly by a series of SVWF 
which has coefftcients determined from the tangential component of the 
boundary value of F. 
In this paper, using the methods presented by Vekua [ 163, as in [ 11, we 
show that the set of regular SVWF are complete on any Lyapunov surface 
S as long as k* is not an eigenvalue of the interior homogeneous Dirichlet 
problem. We demonstrate that it is possible to preserve the completeness 
by adding suitable vector functions to the set. When the set is complete, it 
is shown that vector functions satisfying the Heimholtz equation in D, and 
continuous in D, + S can be represented by linear combinations of regular 
SVWF which converge in the mean square sense on S and uniformly in 
closed subsets of D,. 
Similar results are obtained for the set of radiating SVWF. The major 
difference in this case is that the completeness i preserved for all values of 
k*. This set is shown to be applicable for the exterior boundary value 
problem. 
The above results are extended to a doubly connected region D, which is 
bounded by two Lyapunov surfaces S, and Sz. Completeness in 
L,(S, + S,) of the set formed by both the regular and radiating SVWF is 
established and related approximation results are presented. 
2. INTERIOR PROBLEM 
The regular SVWF 
n = 0, 1 = = ) 2 ,...) m 0 ,..., n, t e, 0 (2) 
are the solutions of the vector Helmoltz equation 
V’F+k*F=O (k = constant) (3) 
which are finite at the origin. These functions can be expressed as [ 121 
M,Akr) = V x CrfA4) f’3cos 0) j,(kr)l (da) 
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%,,@‘) =; V x M;,,(h) and 
W,,(h) =; V x N;,,(kr) (4b) 
(4c) 
where 
P;(cos 0) = Associated Legendre function 
j,(kr) = Spherical Bessel function 
j= (-1)“2 
.L(d I= ~0s m4, 
= sin rn& 
t = e. 
t = 0. 
Let S be the boundary of a finite region Di in R3, which is connected and 
contains the origin. Assume S to be a Lyapunov surface [ 151 and the 
exterior D, of Di to be connected. Let D, be a spherical region centered at 
the origin and containing Di in its interior. Denote the spectrum of eigen- 
values of the homogeneous Dirichlet problem for the scalar Helmholtz 
equation in Di by o(D,). Let L,(S) be the space of square integrable vector 
functions on S. 
LEMMA. The spectrum of eigenvalues.for the interior Dirichlet problem of 
the scalar and vector Helmholtz equations are identical. 
Proof. Let o be an eigenfunction of the scalar Helmholtz equation 
(V’+ k2)o =0 in Di. Then one can construct an eigenfunction CD of the 
vector Helmholtz equation (V’ + k2)@ = 0 by letting one of the Cartesian 
components of @ to be w and the remaining components to be zero. Con- 
versely, if @ is an eigenfunction of the vector Helmholtz equation, then 
each Cartesian component is an eigenfunction of the scalar Helmholtz 
equation. Thus, the proof is completed. 
THEOREM 1. The set of regular SVWF given in (2) is complete in L,(S) 
if and only ifk’ # a(Di). But ifk’ E a(Di) then the completeness fails and the 
set has a deficiency equal to 3M (where M is the multiplicity of the eigen- 
value k2 for the scalar problem). 
Proof Since completeness and closedness imply each other [6], it is 
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sufficient o prove that a nonzero vector function U(r) E L,(S) that satisfies 
the following equations simultaneously. 
(Ww U) =j U*(r,).M;,,(kr,) dS=O (5a) s 
(N f,,, u> =o (5b) 
<L IJW’ u> =o (5c) 
n =O, 1, 2 ,... and m =0 ,..., n, t =e, o 
exists if and only if k* E o(I);). The star * means complex conjugate. 
Let us multiply Eqs. (5a), (5b), and (5~) by the radiating SVWF (Sec- 
tion 3): C,,,,M$,Jkr), C,,,#,,(k r ) , and C,,,,n(n + 1) L&,(kr), respectively, 
where r denotes a point in R3\D, and 
C,,,,, = ik 
(2n+ 1) (n-m)! 
27wz(n + 1) ’ (n “I’ 
& ,,1 = 13 m=O 
= 2, m # 0. 
After summing the equations for all n, m, and t and interchanging the sum- 
mation and integration signs, the resulting series converges to the dyadic 
Green’s function for unbounded space [12, p. 18751, and we obtain 
T(r)= j 
s 
U*(r,).~~dS=O 
where I”is the identity dyadic and R = 1 r - rs /. 
T(r) as defined in (7) is a solution of the vector Helmoltz equation in D, 
and is identically zero for r E Iw3\D,. Since the solutions of the Helmholtz 
equation are analytical, one can conclude that T(r) = 0 in D,, and all its 
derivatives are zero as well. Therefore, we can write 
T(r,)+ =(&TO)+ =O. 
The plus sign indicates the values on the surface when approached from 
D,. By a straightforward extension to the vector case of the properties of 
single layer potentials with square integrable densities [S], one obtains 
Cl47 p. 611 
s U*(r,)&&-U*(r)=O, reS (9) s 
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in L,(S). Equation (9) can also be written as 
&-u*=u* (10) 
where I( is an integral operator with a weakly singular kernel. Iteration 
yields 
K”u* = u*. (11) 
For sufficiently large n, g is an integral operator with a continuous kernel 
[ 143. Therefore, U* can be replaced with a continuous vector function UT 
where 
u*=u: (12) 
in L*(S). Then using Eq. (8) and the continuity of single layer potentials 
with continuous kernels and the discontinuity of their normal derivatives 
[18], one obtains 
T(r,)p =0 (13) 
Since we have assumed that k2 $ o(Oi)t (13) requires that 
T(r) = 0, rEDi 
which leads to 
(14) 
(15) 
(16) 
Therefore, one can conclude from (12), ( 14), and ( 16) that 
u*=o 
in L2(S). This completes the first part of the proof. 
If k2eo(Di), then the interior homogeneous Dirichlet problem for 
the Helmholtz equation does not have a unique solution. Let 
X,(r), X,(r),..., X,,,,(r) be the complete set of corresponding vector eigen- 
functions. Note that in three dimensions there are three times as many 
eigenfunctions for the vector problem than the scalar problem because ach 
Cartesian component of the vector function satisfies the Helmholtz equation 
and one can construct three linearly independent vector functions from one 
scalar function. It can be shown based on the scalar case [ 17, pp. 325, 3261 
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that these eigenfunctions are continuous and continuously differentiable up 
to order 2 in the closed region D, + S. Since X,(r) = 0, m = 1, 2,..., 3M on 
S, then by Green’s formula 
X,(r)=/ K.,,(r,).f&dS 
s 
where 
K,(rJ = $ X,(r,) = (4 . V) X,,,(rJ, m = 1, 2,..., 3M 
P 
ri, = surface unit normal vector pointing away from D,. 
Using the linear independence of X,, m = 1,2,..., 3M, one can show that 
K,(r), m = 1, 2,..., 3M are linearly independent. Since X,(r), 
m = 1, 2,..., 3M, are zero on S and since (17) satisfies the radiation con- 
dition at infinity (Section 3), then as a result of the uniqueness property of 
the exterior radiation problem we have [19] 
JL(r) = 0 in D,, m = 1, 2 ,..., 3M. (18) 
Thus, the functions K,,(r,), m = 1, 2,..., 3M, satisfy (7). It can be proved 
that any function satisfying (5) simultaneously is a linear combination of 
K I ,..., K3,,,, as follows: Let h be such a function, then 
u(r)= h(r,).i&dS 
f s 
and u = 0 in D,. Since X,,, m = 1, 2 ,..., 3M, is the complete set of eigen- 
functions, u must be a linear combination of these, i.e., 
3M 
u = 1 Qm x,,, . 
171 = I 
Using similar arguments as before for the single layer potentials with 
square integrable densities, one obtains 
h= ;i” .,$X,, 
m = I I 
in L,(S). This shows that for k2eo(Di), the set of regular SVWF is not 
complete in L,(S) unless the functions K:(r), m = 1, 2,..., 3M, are added. 
Thus, the proof is completed. 
Before proceeding with an important theorem on the representation of 
functions using the SVWF, let us orthonormalize the set of regular SVWF 
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with respect o the surface S using the Schmidt process and denote the new 
set as 
(V;(kr)), n = 1, 2,... (21) 
with the property 
cv,‘,, V!,, > = 0, nfm 
(22) = 1, n=m. 
THEOREM 2. If k2$a(D,), then every H satisfying the Helmholtz 
equation in Di and taking the continuous value H, on S can be expanded as 
H(r) = 2 W,, V,,> V,,(r) (23) 
n= I
where the series converges umformly to H in closed subsets qf D, and in the 
mean square sense to H, on S. 
Proof Theorem 1 and the definition of the completeness of a system of 
functions lead to the result that any square integrable vector function on a 
Lyapunov surface can be approximated in the mean square sense 
arbitrarily closely by a linear combination of the regular SVWF if and only 
if k2 $ a(Di). In other words, let 
(24) 
and we then have 
lim I IH, -H, l’dS=O. N + x .y 
Since k’#a(D,) we can express H in D, as 
(25) 
(26) 
where G(r, r,) is the Green’s function for the Helmholtz equation in Di 
which vanishes on S. Similarly, each regular SVWF can be expressed in the 
form (26). Hence, we have the equality 
H(r) - HA) = js CHArA - HdrJl Y$ G(r, r,) ds. 
s 
(27) 
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Since r and rs represent points in Di and on S, respectively, 
I(WnJ WY rAI* is integrable on S. Then by the Cauchy-Schwarz 
inequality we obtain for each Cartesian component of (27) (j = 1,2, 3 
representing the Cartesian components) 
I H,(r) - ffN,(r) I 6 j” 1 
Ii2 
s 
I fk,(rA - &,(fJ I2 ds 
1,‘2 
. (28) 
Thus, by (25) and (28) the uniform convergence of H, to H in all closed 
subsets of Di is established, i.e., 
lim 1 H(r) -H,,,(r) 1 = 0 (29) N - I 
where IHI=(IH,I’+jH,I’+IH,/‘)“‘. 
3. EXTERIOR PROBLEM 
In this section we consider the completeness of the set of radiating 
SVWF on a Lyapunov surface S and their approximation properties 
related to the solutions of the Helmholtz equation in the region exterior 
to s. 
The radiating SVWF 
{M&Jkr), N&J/u), L:,,(k)}, n = 0, 1, 2 ,..., m = 0 ,..,, n, t = e, o (30) 
can be obtained from (4) by replacing j,,(kr) with h],‘)(kv), the spherical 
Hankel functions of the first kind. They are the solutions of the Helmholtz 
equation which satisfy the radiation condition [S] 
r 
--xVxF+fV.F-ikF=o i 
r Y 0 r 
(31) 
uniformly for all directions of r/r. Note that the vector wave functions 
satisfying (31) have Cartesian components, each of which satisfies Sommer- 
feld’s radiation condition 
aF 
A--ikF,=o 
ar 
.j= 1, 2, 3 (32) 
uniformly for all directions of r/r [ 53. 
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THEOREM 3. The set of radiating SVWF given in (30) is complete in 
L*(S)9 
The proof is very similar to that of Theorem 1. However, in this case, 
one makes use of the uniqueness of the exterior radiation problem [ 191, 
thus the completeness i valid for any value of k’. 
Orthonormalizing the set of radiating SVWF with respect o the surface 
S, we obtain the new set {Vi}, n = 1, 2 ,.... 
THEOREM 4. Every H satisfying the Helmholtz equation in D, and taking 
the continuous value H, on S can be expanded as 
H(r) = f O-k, Vf,> V,S(r) (33) 
II = 1 
where the series converges to H in closed subsets of D, and in the mean 
square sense to H, on S. 
The proof is similar to that of Theorem 2. 
4. EXTENSIONS TO A DOUBLY CONNECTED REGION 
In this section we will extend the results of Section 2 to a more complex 
geometry involving two surfaces using both the regular and radiating 
SVWF. Let S1 and S, be two Lyapunov surfaces with S2 enclsoing S,. Let 
the finite doubly connected region between S, and S2 be denoted by Di, 
the connected regions interior to S, and SZ by Dil and D12, respectively, 
and exterior to S2 by De2. We assume that the origin is in Di,. Let D,, and 
Do2 be two spherical regions centered at the origin such that D,, is a subset 
of Di, and Do2 contains Di2. The spectrum of eigenvalues of the 
homogeneous interior Dirichlet problem for the Helmholtz equation in Di 
will be denoted by a(Di). Let L,(S, + S,) be the space of square integrable 
vector functions on the surface formed by S, and &. 
Consider the set of the regular and radiating SVWF: 
{MA,,, N!,,, Ll,,,, ML Nkn,~ ‘?m,)~ 
n = 0, 1, 2 ,..., m = 0 ,..., n, t = e, 0. (34) 
THEOREM 5. The set of SVWFgiven in (34) is complete in L2(S1 + S,) if 
and only tf k2 4 a(Di). But if k* E o(Di), then the completeness fails and the 
set has a deficiency equal to 3M (where M is the multiplicity of the eigen- 
value k2 for the scalar problem). 
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Proof: It is sufficient to show that a nonzero vector function U E 
L,(S, + S,) that satisfies the following equations simultaneously 
(ML U> = l U*(r,) . M;,,(kr,) dS = 0 (35a) 
s, + s2 
<N :,,, u > = 0 (35b) 
<L A,,, u> =o (35c) 
W,5w U)=O (35d) 
(NL U)=O (35e) 
(LL U)=O (35f) 
n=0,1,2 ,..., m=O ,..., n t=e,o 
exists if and only if k2 E U(Di). Let us multiply Eqs. (35a, b, c, d, e, f) by 
GJ%,,,(~z)~ G,N:,,(~,), C,,n(n + 1) G,ntWd~ G,W,,(W 
C,,,N!,,,(krr), C,,n(n + 1) L!,,,,,(krr), respectively, where rr ED,,, and 
r2 E R3\D,, and C,, is given in (6). After summing Eqs. (35a, b, d) for all 
n, m, and t values, we obtain 
Vr,)=~ 
_ e”ll’l-“l 
U*(r,) . I 
27t Ir, -r, I 
dS=O 
s, + .Q (36) 
and similarly from Eqs. (35d, e, f) 
T(r2) = 0. (37) 
Using analytic continuation arguments as was done for Eq. (7), we obtain 
T(r) = 0 for reD,, andrED,,. (38) 
Following the same procedure as in the proof of Theorem 1, we conclude 
that for k2 4 a(Di) 
u*=o (39) 
in L,(S, + S,), which completes the first part of the proof. 
If k2ecr(Di) then the completeness of (34) fails. Let X,(r), m = 
1,2,..., 3M, be the complete set of corresponding vector eigenfunctions. 
Again, by similar arguments as for Theorem 1, we conclude that the com- 
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pleteness of (34) can be preserved by the addition of the functions K:(r), 
m = 1,2 ,..., 3h4, where 
K;(r) = -& X, on S, +S,. 
s 
Thus, the proof is completed. 
Let us orthonormalize the set given in (34) with respect to the surface 
S = S, + S2 and denote the new set as 
W(WL n = 1, 2, 3,... 
with the property 
(V,,,V,)=SstaV”.V,,dS=O, n#m 
I 
= 1. n=m. 
(41) 
(42) 
THEOREM 6. If k $ a(Di), then every H satisfying the Helmholtz equation 
in Di and taking the continuous value H, on S can be expanded as 
H(r)= f (Hs9Vn) V, 
n=l 
(43 1 
where the series converges uniformly to H in closed subsets of Di and in the 
mean square sense to H, on S. 
The proof is similar to that of Theorem 2. 
ACKNOWLEDGMENTS 
Partial support for this research was provided by National Science Foundation Grant 
ATM-8003376. The authors would like to express their appreciation to T. A. Seliga for his 
encouragement and support during the preparation of this paper. 
REFERENCES 
I. K. AYDIN AND A. HIZAL, On the convergence of the spherical vector wave function 
expansions used in electromagnetic scattering problems, in “AP-S International Sym- 
posium Digest, Antennas and Propagation,” Vol. II, pp. 429432, University of 
Washington, Seattle, 1979. 
2. A. P. CALDERON, The multipole expansion of radiation fields, J. Rational Mech. Anal. 3 
(1954), 523-537. 
3. D. COLTON, Runge’s theorem and far field patterns for the impedance boundary value 
problem in acoustic wave propagation, SAM J. Math. Anal. 13 (1982), 97&977. 
440 AYDIN AND HIZAL 
4. D. COLTON, Far field patterns for the impedance boundary value problem in acoustic scat- 
tering, Appl. Anal. 16 (1983), 131-139. 
5. D. COLTON AND R. KRESS, “Integral Equation Methods in Scattering Theory,” Wiley. 
New York, 1983. 
6. R. COURANT AND D. HILBERT, “Methods of Mathematical Physics,” Vol. I, Chap. 2, 
Interscience, New York, 1953. 
7. A. HIZAL, Scattering from perfect conductors and layered dielectrics using both incoming 
and outgoing wave functions, in “Acoustic, Electromagnetic and Elastic Wve Scat- 
tering-Focus on the T-Matrix Approach” (V. K. Varadan and V. V. Varadan, Eds.), pp. 
169-170, Pergamon, New York, 1980. 
8. H. KERSTEN, Grenz- und Sprungrelationen fiir Potentiale mit quadratsummierbar 
Fliichenbelegung, Resultate Math. 3 (1982), 17-24. 
9. R. F. MILLAR, The Rayleigh hypothesis and a related least-squares olution to scattering 
problems for periodic surfaces and other scatterers, Radio Sci. 8 (1973), 785-796. 
10. R. F. MILLAR, On the completeness of sets of solutions to the Helmholtz equation, IMA 
J. Appl. Math. 30 (1983), 27-37. 
11. P. M. MORSE AND H. FESHBACH, “Methods of Theoretical Physics,” Part 1, Chap. 5, 
McGraw-Hill, New York, 1953. 
12. P. M. MORSE ANU H. FESHBACH, “Methods of Theoretical Physics,” Part 2, Chap. 13, 
McGraw-Hill, New York, 1953. 
13. C. MOLLER, Boundary values and diffraction problems, Insf. Naz. Alta Mafh. Sympos. 
Mafh. 18 (1976), 353-367. 
14. C. MOLLER AND H. KERSTEN, Zwei Klassen vollstandiger Funktionensysteme zur Behand- 
lung der Randwertaufgaben der Schwingungsgleichung Au + k2u = 0, Math. Mcrh0d.s Appl. 
Sci. 2 (1980), 48-67. 
15. S. L. SO~OLEV, “Partial Differential Equations of Mathematical Physics,” Pergamon/Ad- 
dison-Wesley, Reading, Mass., 1964. 
16. I. N. VEKUA, About the completeness of the system of metaharmonic functions. Dokl. 
Akad. Nauk. USSR 90 (1953), 715-718. [In Russian] 
17. 1. N. VEKUA, “New Methods for Solving Elliptic Equations,” North-Holland, Amsterdam, 
1967. 
18. V. S. VLADIMIROV. “Equations of Mathematical Physics,” Sect. 27, Dekker, New York, 
1971. 
19. C. H. WILCOX, A generalization of theorems of Rellich and Atkinson, Proc. Amer. Mulh. 
Sac. 7 (1956). 271-276. 
